Interaction potentials: from
first principles to machine
learning

LJ and Morse fitted to DFT data (Xe, H), machine-learned potentials, coarse-
graining

Based on a lecture by Simone Di Cataldo



Overview

Lennard-Jones: which physical interaction does it describe?
Interatomic potentials from first principles: DFT

Case study #1: LJ for xenon from DFT data

Case study #2: hydrogen, LJ fails and Morse works

Beyond fitted formulas: machine-learned potentials (PaiNN, MACE)

o ks b=

Second level: coarse-graining with ML (prior + neural network)



OO
Lennard-Jones
Potential

« Weakly attractive in a small
region

« Strongly repulsive

 Quickly goes to zero

« Which kind of physical
interaction looks like this?




Lennard-Jones
Potential

« Weakly attractive in a small
reg ion Roughly spherical atoms of an ideal gas

should not be attracted nor repelled by
 Strongly repulsive

one another.
 Quickly goes to zero

* Induced-dipole with induced-
dipole

- =




Lennard-Jones
Potential

Weakly attractive in a small
region

Strongly repulsive
Quickly goes to zero

Induced-dipole with induced-
dipole

A real gas atom can have an instantaneous
dipole. Partial charges on one atom cause
a neighboring atom to distort due to the
electrostatic attractions/repulsions of their
electron clouds.




Lennard-Jones
Potential

Weakly attractive in a small
region

Strongly repulsive
Quickly goes to zero

Induced-dipole with induced-
dipole

Attractions between opposite
partial charges of neighboring
induced dipoles cause atoms to
“stick together” for a very short
time.

Which kind of
atoms interact like
this?



Case study #1: LJ 34: Xenon 2,8,18,18,8
Potential for Xe atoms

To study a system of Xe atoms, we need to
know the two Lennard-Jones parameters ¢ and
o
How can we determine them?

« Try to fit experiments

* From first principles

« What are the advantages of the second
approach?

* More consistent

« Much faster than an experiment

* Much cheaper than an experiment

« Experiments may not be available at all




Interatomic potential from first principles

Many-body Hamiltonian

_ The eleptronic Born-Oppenheimer approximation: Integrating out the
eigenenergies depend Decouple electronic and ionic degrees of freedom electrons: the first coarse-

parametrically on the 1 graining
ionic positions + Z
This is what the '*I 2 121‘ ; i =7l r;l

interaction potential does Solving this equation for

N,) more than a few electrons
is practically impossible

-
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Density Functional Theory

How to solve the Schrodinger’'s equation for many electrons

Density Functional Theory allows us to compute the ground-state electronic energy and charge density of a
N electron system, which N up to tens of thousands of electrons.

In a nutshell, DFT is based on the construction of an auxiliary problem of noninteracting electrons in a
fictitious external potential (v ) such as to reproduce exactly the same ground-state charge density as the
interacting problem. Since in the auxiliary problem electrons are noninteracting, the Schrodinger’s equation
becomes that of a single electron.

Vet (T) =zj |7"—R1| r’

vy ()

g VUscr () = Vext (7) + [ (7:)) + Uxc (77)

< IV v DD = ()

fIT—T - n(®) = i (P12

Codes: Quantum ESPRESSO, Abinit, CASTEP, VASP. Here VASP gives the total energy E(r) of two Xe atoms at distance r.



1. Generate a set of atomic positions for
two Xe atoms

Workflow:

I 2. Compute the total electronic energy for
LJ POtentlaI each configuration
for two Xe 3. Collect the data into a file with two

columns: [r;,V(r;)]
4. Import the data in python and fit

atoms




1. Generate a set of atomic positions for
two Xe atoms

» What is a sensible range of distances?

Workflow:

Atomic properties
LJ POte nt |a I Oxidation states 0, +2, +4, +6, +8 (rarely more
than 0; a weakly acidic oxide)
for two Xe o
Electronegativity Pauling scale: 2.6
atO m S lonization 1st: 1170.4 kd/mol
energies 2nd: 2046.4 kJ/mol

3rd: 3099.4 kJ/mol
Covalent radius  140+9 pm

Van der Waals 216 pm
radius




Let’s visualize the atoms in the structures we just created

Step 0 Step 12 Step 23
0. 9 Q @ 9 ®------- Q-------- %)
0. Q 4 0 ---------- ) ®---:--- Q- [®)
00 _ ) @O ---------- O Q- Q---i---- O
S pe @i o @ Q- @

Step 23: the second atom is halfway along the edge, d = L/2 = 8 A (cubic cell, L= 16 A). Why does the scan stop
there?



Collected DFT data

Is this what we

expected?

V(r) (eV)
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e DFT data
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Xe -- Xe distance (A)



Fit the data
points and plot

Fit with V(r) = 4€[(0/r)"2 - (o/r)¢],

all datawithr>3 A

Does the fit reproduce well our
data everywhere?

Should we be worried?
Can we do better?

Fit results

¢ (eV/atom): 0.0037

o (A): 3.8927

repulsive exponent: 12
binding distance: (A): 4.36

0.30
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0.15

V(r) (eV)

0.10

0.05

0.00

-0.05

@® DFT data
= J; (rigid exp) fit

Xe -- Xe distance (4)



Fit the data
points and plot

Fit only r > 3.4 A with a free
repulsive exponent: n = 10
instead of 12

Probably the best we can do
with Lennard-Jones

fcc lattice parameter: 6.0 A
(experiment 6.2 A)

Fit results

¢ (eV/atom): 0.0130

o (A): 3.7748

repulsive exponent: 10.1
binding distance: (A): 4.23

0.30
® DFT data

0.25 = LJ; (rigid exp) fit

- LJ, (free exp) fit

0.20

0.15]

V(r) (eV)

0.10

0.05

0.00

-0.05
Xe -- Xe distance (A)



Case study #2: LJ
Potential for H atoms

* Interatomic potential for two
hydrogen atoms, determine ¢
and o

« Canwe doit?

» The procedure is exactly the
same as before

. Generate a set of
structures,

. Calculate the electronic
energy with DFT

. Collect the data
. Fit

1: Hydrogen



Case study #2: LJ
Potential for H atoms

« How is the potential of H
different from Xe?

1. Deeper well
2. Wider well

3. Much shorter equilibrium
distance

DFT data

H -- H distance (A)




Case study #2: LJ
Potential for H atoms

« Why is it so terrible?

» The type of the interaction of
two hydrogen atoms is not
induced-dipole with induced
dipole

As the two atoms get close
their electronic wavefunctions
merge, there is true Coulomb
interaction, and even quantum
exchange

« How to do better?

e DFT data
— LJ; (rigid exp) fit
& — LJ> (free exp) fit
o
&
& 3 oo
°®
; ’ 6 8

H -- H distance (4)




Morse Potential

 Models the dissociation of a
diatomic molecule

* Used to describe the
anharmonic vibrational
frequencies

* Three parameters
« D, = depth of the well
1, =2 equilibrium distance

e a -» curvature at the
minimum

Energy

Internuclear Separation (7)



101
e DFT data
Case study #2: |
: | —— Morse fit
Morse potential for H 815
atoms !l
* Good description at all l’
energies S 4 |
* Good match with Q lk
experimental H - H o T 5 °
equilibrium distance (0.74 A) =~ |
Fit results ot} —o S t—0—0—0
D, (eV/atom): 3.38 )\ <¢°
Te (A)Z 0.78 . = l' “‘
binding distance: (A): 0.78 v
Shift: -3.5115
4
2 4 6 8

H -- H distance (4)



Beyond LJ and
Morse: machine-
learned potentials

LJ and Morse: a formula chosen by
us, with 2—3 parameters fitted to
DFT

Real interactions are many-body, and
often we do not know the right
functional form

Idea: learn the energy as a function
of all atomic positions directly from
DFT data, with a neural network

Each level is a coarse-graining:
electrons — atoms gives an energy
V(r); atoms — beads gives a free
energy (PMF), which dependson T

system size

10 um -

pm -

100 nm -

=
=]
>
3

nm -

Electrons: DFT
10%-10° atoms, ps

Beads: CG model

prior + NN, no solvent
HS-ms

Atoms: ML potentials

PaiNN, MACE, ...
103-10° atoms, ns

coarse-grain:
force matching

learn V, F from DFT

fs

pls ns Qs ms
simulated time



A neural network is just a fun

Each atom: distances to its neighbours — its energy; V = sum over atoms; forces = derivative

ction

sum over sites

.
same network
for every atom:

V=2V,

X

~

forces (derivative):

Fi

—oV/or;

atom i and input: ; ; output:
. . . hidden layer 1  hidden layer N .
its neighbours  distances* y y energy of i
W i
i ..-—- ' @
@ __- o/ g
, -1 RN ;’ ri
/ i\ f" /;' ’2 -
! \i/’
' I ; (
\ . NG y/ ,-""--’ s
\k I 3/! \\\ . rf3 <
\\ R S 7 \\ \
cutoff r.: atoms outside L
are ignored o
*in practice combined into rfk
a fixed-length descriptor

each arrow: a weight w

Vi=folrin, riz, ...

chain rule (automatic
differentiation): exact

each circle: a neuron h=f(z), withz=>wx +b

): one network, many parameters 6 (all the w and b), fitted to DFT



Inside the function: layers, weights and biases

Each layer is a matrix—vector product plus a bias, followed by a nonlinear function f

' N 4 N
1 One layer 2 The network: layers nested
V(x;60) = Lout (L3 (Lg(Ll(x))))
<1 w11 Win L1 by 0 0
. ; . . i Li(h) = f(w h+b )s Lout(h) = Wout * B + bout
Zm Wmi **° Wmn| |Zn bon parameters 6 = all the W’ and b"":
—— = S N a nested function with many parameters
z W (mxn): weights x b: biases
e.g. 10 inputs, 3 layers of 64 neurons, 1 output:
h = f(Wx+b) factson each component 704 + 4160 + 4160 + 65 = 9089 parameters
o o A - J

.
3 Why the nonlinear ?

smooth f (tanh, SiLU)

without f the layers collapse into one linear map: - smooth forces

F = —=VV: chain rule,
as in training

w2 (W(l)x + b(l)) +b® = WwOWD x 4+ Wwp1) L p@2)
N’ ~ - )

w’ b’

RelLU has a kink:
- just a linear fit: fis what makes the function flexible forces would jump
& J




What is a neural-
network potential?

Just a function of the atomic
positions, with parameters 6
(weights and biases), that returns
the potential energy

Atom i and its neighbours within r,
— the network gives V;: the energy
of atom i with its neighbours

Its derivative is the force on the
atom: F, = -oV/ar;

Training = fitting 6 to DFT energies
and forces, as we fitted € and o for
LJ

e

Lennard-Jones: a function with 2 parameters

parameters:

r — 4gl(o/r)t? — (o/n®] — V(n) £, 0

J

.

L=~ O O with its neighbours
/ ° \ O
/ \ O O
P Q@ l
| k"‘ L1 BPV ferivative =1
i Ij erivative = 1orce:
@8y 040
Q N F o —® F,:=—-8V/6r;
parameters 8: weights w, biases b = —zan/arf

Neural network: atom / + its neighbours - energy

energy of atom i

atom j and its

3 s neuron: h=tanh(p wgxy + b
neighbours within r¢ : {Z })

J
(j = i and its neighbours) )

r'_

~

Training = fitting, as for L) (many more parameters)

min > l(Ve — Vprr)? +)\Z|Fe,f = FDFI',E|2]
/

6 configs




How a machine-
learned potential
works

Potential energy V = sum of atomic terms
V,; each depends on the neighbours within
a cutoff r,

Trained on DFT energies and forces of
many configurations

Forces F = -VV by automatic
differentiation: conservative. Predicting F
directly is faster, but not conservative (and
MC needs V anyway)

Symmetries built in: PaiNN (2021),
NequilP, MACE (2022)

Cost o« N (DFT: o« N3): 102-10° atoms for
ns (DFT: 102-102 atoms, ps)

Per atom and step: 105-107x faster than
DFT, 102-103x slower than Lennard-Jones

~

.

-

-

~
1 Training data from DFT
many configurations {r}: DFT energies V and forces F
=
v
W

2 Each atom sees only its neighbours

s TS O neighbours within r. send

2 \ messages" to i (arrows)
/ \ ,
, \ T message-passing layers:
i feels atoms up to Trc
& \ symmetries built in:

translations, rotations,
exchange of identical atoms

J

v

7

3 Neural network - energy - forces

v=vW  F=-vV
I

~




Second level: coarse-graining with ML

From atoms to beads: remove the solvent, keep the physics, learn the rest

All-atom, explicit water Coarse-grained model The CG potential
(" ) - ) @ i >\
: Uprior — physics we already know
bonds contacts charges
coarse- \/ \/ L
rainin
9 9 harmonic Coulomb
—_— \_ FENE Morse (screened) )
" ™
Unn — what physics misses
PaiNN: equivariant message "o
; 7 bonds ---- graph seen by the NN passing on the bead graph; A
1\ J I\ J many-body; learns only o a
A | theresidual
~10%-10° atoms, fs time step ~10'-107 beads, no water, larger time step .~ - of
- |
7
. TN b - >
o T e UCG=Uprior+UNN
_______ Fi=—-ViUcc » MD/MC
training: force matching on the all-atom trajectory N~ /

Speed-up vs all-atom: fewer particles (no solvent, several atoms per bead) x longer time step (2 - 10—-40 fs) x smoother landscape > typically 10%—
10%x faster (but CG time # real time)



The CG potential is a function too

Each bead: distances to its neighbours — its term; the CG potential (a free energy) is their sum

bead / and

!
/
!
!
o @/
”~ I > ~ ,"
/ N oA
/ 2\ !
! \//
r .
/ "
\K ’ 3/ \
\ 7/ \\
~ ” \

—

cutoff R.: beads out5|de \

\

are ignored \

*in practice combined into
a fixed-length descriptor

U; = fao(Ri1, Rz,

input:
its neighbours  distances*

hidden layer 1

w
____.

Rik

hidden layer N term of bead |

sum over sites

i )
same network
for every bead:

Ucc =2 U,
i

'

~ “

forces (derivative):

= —9Ucc/oR,

n _~
f_" LN B
_..\

each arrow: a weight w

-

chain rule (automatic
differentiation): exact

each circle: a neuron h=f(z), withz=>wx +b

... ): one network for every bead, 6 fitted by force matching



A neural-network CG
potential

Same idea one level up: a function of
the bead positions R, .., R, (through
the distances R,)), with parameters 6

Ucg = Uprior + Uy its derivative is the
force on each bead
B is fitted so that these forces match

the all-atom forces mapped onto the
beads (force matching)

The result approximates the PMF: a
free energy, it dependson T

'

\,

1 Map each all-atom snapshot onto beads

mapping
—>

e.g. centre
of mass

- -

all-atom MD (with water):
positions and forces

bead positions R, (no water), forces
f, = total force on the atoms of bead /

~

\

2 Each bead: a function of its distances

Rn O O O same network for every bead /.
Rz O 8 8 O U, Ucg = Uprior + ;Uf
Rz OO O forces on the beads: F;= —-V,Ucg

=

3 Training: force matching
min (2 |Fi(6) — fi|%) - o= PUF
I

(a free energy: depends on T)
AA i




Physics prior + neural network

The potentials of today become the prior; the network learns only the correction

Ucc = Uprior + Unn

a Effective interaction between two CG beads b what the network has to learn
— - physics prior Upror (here: Lj) O —— neural network Usy * Upior- Physics we know: harmonic
1.0 J(" ~— prior + neural newo.rk Uprior + Unn O what the prior misses: PMF — Ugior and FENE bondS, LJ / Morse
O all-atom PMF (explicit water) 0.3

repulsive core:
the prior gets it right
- 4
0.54 0.2

contacts, Coulomb

« Uyn: What the prior misses (solvent,
many-body effects)
0.01

—-0.11
-0.51 /
/ solvent-separated
/ minimum -0.24

» Trained by force matching on all-
atom forces

correction AU(R)/e

» Where data are scarce, the prior
keeps the model physical

effective potential U(R)/e

-1.0- 534 smaller and smoother than U: « Research example: CG models of
: easier to learn; where data are . .
scarce, the prior takes over DNA G-quadruplexes with a PaiNN
L . . ; . —0.41 . : : . correction
1.0 1.5 2.0 2.5 3.0 1.0 1.5 2.0 Z:5 3.0

bead-bead distance R/o bead-bead distance R/o

Ilustration: in the real model Uyy is @ many-body function of all bead positions (PaiNN), trained on all-atom forces



A possible final
project: dumbbells —
ML CG model

« Simulate a fluid of LJ dumbbells
with your MC code (C++)

Map each dumbbell to its centre of
mass; store bead positions and total
forces

Train Ugg = Uy, + Uy in PyTorch by
force matching; export the weights

Read them in your C++ code (vector
and matrix classes): MC needs only
U, so just the forward pass. Compare
with the dumbbells: g(R), pressure,
speed-up, transferability

~

~

1 MC of L) dumbbelils (C++) 2 COM mapping

o
0@ o° con A Q

—

%oog @ 9 o

R,;, and f; = total force on dumbbell /
-’

-

3 PyTorch: train the CG pair potential

Ucc = D U(Ry), u(R)=uwca(R) +unn(R;6) [ s TFiCH
1<)
—— NN
network input: only the COM distance Ry s i
force matching on the stored MC snapshots
R >

7~

4 back to C++: your vector and matrix classes
read the weights, h = (Wx + b) layer by layer: MC needs only Ucs

5 compare g(R), pressure, speed-up vs dumbbells;

change density or T: is Ucg transferable?




~

Final project. What 1 From your MC: each saved snapshot

gOteS Inle the / RU q./ f for every molecule [ save:
N WOIK | R © B R, centre of mass
eo— 9.0* jo f, total force from the

other molecules

Input: only the distance R,; between L f

the centres of mass of two

dumbbells: a single number

2 The network sees only the distance R

The same network for every pair o0 Ay = R) + s(R) MLPa(R
within R,, then the sum: Ugg = Z u(R)) <0 AR =iog B 50 ML Rath)

Training data: R, and f, of every Ry O
molecule in each saved snapshot

Forces of the model by autograd, MLPg: 1 - 32

O O © S(R): smooth switch to 0 at Rc, e.g.
g > 1[1 + cos(nR/Rc)] or i[1+tanh (8:F)]
O 0O 2 2

[5]

(tanh: cut at R = R: + 568); same network for
32 -1 every pairl <]/ with Ry <R(; no coordinates

compared with f, (force matching).

Full details: final project XXII 3 Sum over pairs, forces, loss

Ucg = ;ZJU(RU) —» F; = —0dUcg/oR, (autograd)
<

loss = Z|F; = f;|2 - update 6 (Adam)
/ snapshots never zero: orientations




Conclusions

1. First-principles calculations based on Density Functional Theory can be used to
calculate quite accurately the parameters of a given interatomic potential

2. The choice of the potential is very important, it must capture the right physics
of the interaction
« Lennard Jones with noble gases is great, but don't use it for a binding molecule!

3. First-principles calculations correctly reproduce the interaction at the quantum
level, it's up to us to model them correctly

4. We're not restricted to DFT for the quantum mechanical part (e.g. QMC,
Coupled Cluster)

5. Machine-learned potentials (PaiNN, MACE, ...) learn the interaction from DFT
data without fixing a functional form; a physics prior plus a neural network
brings the same idea to coarse-grained models
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