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Chapter 1

Recall of statistical mechanics

1.1 Microcanonical ensemble

MW Na Vs

@ @

E FEs

Figure 1.1: Two subsystems @ and @ exchanging energy.

isolated system;

@ and @ weakly coupled;

microscopic equiprobability.
Total energy:
EFE=FE+F, =— FEy=F-—EFj,

and E is conserved. Let

Q1 (E1) = {# microscopic states of system @ with energy F},
Qa(FE2) = {# microscopic states of system @ with energy Fs}.

The total number of microscopic states is
Q(E1, E2) = Q1(Er) Qa(E2).
Q, Q1 and 9 are huge, hence the use of the logarithm is convenient, i.e.
In[Q(E1, E2)] =In[Q1(E1)] + In[Q(Es)].
But F5 = F — E1, so that

IH[Q(El, FE — El)} = ln[Ql(El)] + IH[QQ(E - El)]



We must enforce the condition

8111[Q(E1, FE— El)]

=0
0F, ’
i.e.
dIn[Q4(Ey)] ~ Ol [Q9(Es)] B . Oln[Q(E1)]  0In[Q(Ey)]
OF, OFE, Eo—E—F1 OF, N OFE, Bo—FE—E;
If we define
81HQ1(E1) —B 8IHQQ(E2) —IB
8E1 N1,V1 b 8E2 NQ,VQ —
we have the condition
B1 = B2
Question: what does it mean?
1
8] = -
[E]
Define
S=kpn[Q(N,V,E)] = S(N,V,E)
and we call it entropy.
We have that
8(kBln§21(E1)) . 8(k‘31n92(E2)) — i% . L%
kp OE, N kg OF, kpOE, kpOEy
But
28] _ L
o0F; 1)’
hence
kngl = kB.ng’ i.e. Ty =15 equilibrium condition!
and i i
pr = e P = T
1.2 Canonical ensemble

@

Figure 1.2: System @ in contact with the much larger system .

HYPOTHESES

e the system (@+) is isolated;



Eis < Ep (ie. is a thermal bath);

@ and weakly coupled.

Let |i) be a quantum state of @, and
P; = {probability for @ of being in state |i)}.

Goal: calculate P;.

Let
E; = {energy of @ being in state |i)}, Ei+FEp=F.
Then
Qi, Eg) =Q(i, E — E;) =Qa(i) - Qp(E — E;),
so that
CT Y00, Ep)

Again we make use of the logarithm:
In Q(i, E - El) =In QA(Z) + In QB(E - El)

But E; < E, hence
Oln QB

O0Fp |Eg=E"
—_——
=p

InQp(E— E;) ~InQp(FE) — E;

Moreover
Qai) =1 = InQu()=0,

thus having
InQ, E— E;) ~InQp(E) — BE;.

By plugging this into the definition of P; one has
Op(FEye B e~ BE;

‘P’i = = .
YiQptETe Pl 3 e Pl
If we define
Q= Z e BE:
we have
Q

Q is called the

From @ one can calculate the internal energy U:

U

(E) = 22 Z E; e PEi,

But, since @ =), e PE:

Olm@ 1 0 sE\ _ 1 —BE; _ _
66 _Qaﬁ(zl:e )— Q;Eze = U;

hence

0@

U=-=3;



Question: is there a relation between the free energy and Q7

From thermodynamics:

F=U-TS, F=F(T,V).

Then
/D) L OF | p 1O0F| G0 p 10 1 p
o(1/T)lv T o(1)T) T oTlv o(1)T) T OTlv 0(1)T)
oT
OF
=-Toz| +F
But
oF, _ _
oTlv 7
hence o(F/T)
ST ‘V —TS+F=P5+U-P5=T0,
i.e.
1 OF/T) _,,_ 0Q _ 9(mQ)
a(1/T) op O(2r)
from which it follows that
F
7 = kslnQ, F=—kgThQ

— the workhorse of statistical mechanics (with Q = 3=, e PF).

1.3 Classical limit of statistical mechanics [ — 0]

Let A be an observable. Then

<A> _ Zl<Z|A’Z> e_BEi j)/ _ e Ei
4 Q Q
statistical
average

where
H i) = E; i) <— i) eigenstates of H.

Instead of eigenstates of H we can use a generic complete set, i.e.

a\fle*ﬁﬁ’q[o&

Q

<A> — Za<

where |a) is a complete! set of states, i.c.

Dlajal= 1

identity
The complete set is arbitrary! Non-diagonal terms are 0 — postulate (see Huang 8.7).

Let’s assume further that

A A

A=A@G), H=K@p +V(Q)

!'Not necessarily orthonormal.



with

f(_ipi f/_iﬁﬂ
T Lo T Ll

/d:”Nq q) (g =1, /dwp Ip)(pl =1,

so that . .
Ay = L2 (A e Mg)
Q
Let
A B = AB - BA.

You can easily prove that o o o
[A,BC]=B[A,C|+[A,B|C
and o o o
[AB,C] = A[B,C]+ [A,C]B.

From these, if F/(p) and G(§) are smooth functions of p and § respectively, one has

0.5 = in 52
and 9G(4)

N q

[P, G(9)] = —ih =5

[see Sakurai, Sec. 2.2, p. 85]
We have:

The BCH formula tells us

eAeB = exp{fl—l—é—k

with A+ B = —H. If we set A = —BK and B = —3V, the BCH formula yields:

e PR e ~ exp{—B(R +V - g[fc, V] + f—;([f(, RV + [V, [V, K]+ ) .
But o " .
(K, V] =~ 19 4% = =~ 2i(gp+p3) h = O(h)
and similarly
K, [K, V] = O(r%),
[V, [V, K] = O(n?),

where we made use of relations (1)—(4).

Hence in the limit & — 0 we can neglect O(h) terms.

2mh?

Note that i — 0 is equivalent to letting A =
’I’)’Lk‘BT

— 0,



so that R o R R
e PH = ¢ BE=BV ~ o=BK =BV

Let’s work out the partition function:
Q= /d?’Nq (gle™""|q)
= /d3Nq (gle™"% eV1g).

d3N

If we insert [d*Vp |p)(p| =1 we have

Q= /dSqu?’Np (gle” "X |p)(ple "V |q)

functions of ¢ and p!
—_—~

- /dSNq d*Np exp|-B (K(p)+V(a)) | (alp) (pla)-

But

N — 1 )
{qlp) = W €

P49) = ~——=a~75 €
{pla) (27h)3N/2
[see Sakurai, Sec. 1.7, pp. 54-56]

Hence we obtain 1

(alp){pla) = )

thus having

3N, 3N
d*"qd*"p e~ BHM(ap)

©= / (27 h)3N Nl

correct Boltzmann counting

+— H(q,p): function of ¢ and p

(correct Boltzmann counting: wave functions must be either symmetric or antisymmetric).
Similarly one can treat

[ &¥q aldeHq)
to have

3N, 3N
_/d 10D Agp)e D, H=K 4,

) (27h)3NN!
to finally have, in the limit A — 0,
d3Nq dSNp A 8n
(2rh)3NNT €
PNqdPNp o :
(2mh)3N N

Q

(4) =

But since A = A(q), as we assumed, one has

_ A e VD aNg

(4) .

where Z is the configurational partition function

7 = /(/3\([(,7”'(\'/).

8



Alternative way: 5 — 0 (high temperatures). Just note that

A A

e BEY) T BK +TV)+ OB ~1-BK + 1)
— ¢ BK BV + 0(52).



Chapter 2

Monte Carlo integration

2.1 Hard-sphere model

€,

> — |
o T—‘T"

=

Figure 2.1: Two hard spheres of diameter ¢ at distance r.

© r<o .
UHS(T):{ _ r =7

0 r>c

. . N
¢ = {volume fraction} = dyg —
where
Pre = & o5
HS 6 3

vps N is the volume occupied by N spheres.

Hard spheres are an “entropic” system since

0
F=U—-TS but U= kgTN+ U
2 ~~

excess energy

hence

F= ;)kBTN—TS:T(ngN—S).

This implies that minimizing F' is equivalent to maximizing S (entropy), i.e. the number of
accessible states. But

2.1.1 Hit-and-miss Monte Carlo: excluded volume

In 1D:
1
b—a.

‘ (;b f(x)dz = (b—a) (

/(;b f(zx) d;17> = (b—a)(f).
(f)

10



O~
O

OO0

U
QOO

QO
QO
QO

T gain of accessible
almost all particles states, i.e.
blocked larger entropy

Figure 2.2: Disordered (left) vs. ordered (right) hard-sphere configurations at high density: in
the crystal each particle has more room to move.

In 3 dimensions:

/V f@dz=V G /V f (@) d%) — V().

Virial expansion:
1
BP=p—3 p2/ (Vs — 1) dr 4 O(p°).

Let
f= e PUms(r) _ 1 <— Mayer f-function;

then .
pP=p- QpQ/f(T)d?’T-

In presence of a first-order transition:
Pﬂ II
________________________ b Two phases I and IT
1/ (e.g. I = gas and II = liquid).
P1 P11 . 1%

Figure 2.3: Equation of state P(p) with a first-order transition: coexistence plateau at P,
between p; and prr.

For hard spheres

-1 r<o
r={
0 r>o
hence
3 . A 4
—/f(r) d’r = {volume of a sphere of radius o} = 39
——
Vexcl

11



-

J y
Figure 2.4: Two hard spheres in contact: centres at distance o.

2
BP =p+ % Vexcl O(ﬂg)

We can calculate vey. through a “hit and miss” Monte Carlo.

e

.

— box of volume V

Figure 2.5: Hit-and-miss estimate of the excluded volume: a sphere is fixed at the origin; the
dotted sphere of radius o is the excluded volume.

Vexel = V (‘1/ /V (1 — e*BUHS(T)> d3r> =V (f> where f=—F.

( f ) can be calculated by a “hit and miss” Monte Carlo, by inserting randomly a HS given one
fixed at the origin, i.e.

N,
(7”74) - N

=

_ 1 N
GEESY
with

N = {number of insertions},

Noy = {number of overlaps},

~ 1 r<o
f:{ |
0 r>0o

and note that

Error o

e




L3

&
y= fg L/2

Yy z2=£6,L)2

&, random number, —1 < ¢, <1, a €
T {z,y,2}.

Figure 2.6: Random insertion of a hard sphere at 7; in a cubic box of side L, with another sphere
fixed at the origin.

More generally, consider for example hard ellipsoids (HE).

O <— box of volume V'
(\ veE = vpE(T, Q)

z

Figure 2.7: Two hard ellipsoids in a box of volume V'; their interaction depends on the relative
position 7 and on the relative orientation 2.

The excluded volume is

Vexel = /(1 _ 6—5UHE(F,Q)) d3r g —V. /(1 _ B_B’UHE("_"’Q)> g g

=V,

with Br d
F_1_ —Bonp(@Q) A _ —Bopp((FQ)) ¢ T 4%
f - 1 € HE ) <f> - /(1 € HE ) V 47T °

Insertion of hard ellipsoids with random positions and orientations:

( f) Noy < number of overlaps
N < number of insertions
and
Vexcl = V<f>;

so that we will have a rough estimate of their equation of state

) p
P =p+ Y Uexcl

13



2.2 Complex systems (ensemble of N particles)

A=AV, pY), ={q,....an}, PV ={Pr,....on}
d3N dSN 3
Q/ RPN N A(qN,p") e X,

thermodynamic average
with Y
p' — — — —
H:K+U7 KZZ%: UZU(‘]L;(ZN):—ZU(QZ_Q]):
A
(2mh) 3NN'

Let’s assume A = A(¢") and integrate over p'¥, so that

N\ ,—BU 43N
(4) = JAW) e dg Z:/e‘ﬁUdqu.

Z b
If we define o
Ny_ €7
N")=—
one has
= | N@¥) A
1%

If we use a standard quadrature (e.g. trapezoidal integration):
e we have 3N dimensions;
e assume 10 points along each direction;

e assume N = 1000 particles.

We will have to do
103N operations.

If our computer can do exaflops, i.e. 10'® flops (very powerful!), it will take
1031000

TG _ 103000718 ~ 103000 g

to be compared with a human life,
3600 x 24 x 365 x 100 ~ 10” s.

Universe? 10'8 s (~ 20 billion years).
Yet not enough!

But MC can do the job!

/AN )d*N g VN( WAN( )d3Nq>
(‘nstml)l( average

= VY (AN,

where (AN)y is the average of AN when we generate randomly points inside volume V.
In principle it is OK, but it is inefficient, since it is very likely that

N(QN) ~0 if qN is random.

Need of some improvement!

14



2.3 Importance sampling

1D case.
I (f/w)w
b f(z) K
T dmz/( >w x)dr, where / wdx = 1.
| @ ) v /
Let
u = u(z), u(z):/ wiaydd = du=wdn, uwd) =1, wu(a)=0,
so that
1
I:/ fla) o _ <[>
0 w(aén%g)r \hftlrlbu wiw
and .
I= l Z Fa(w)) , L is the number of random points generated
L~ w(z(u;))
If o
9i=7 where f; = f(z(w;)), w; =w(z(u;)),
’L
then
) 2(% L 50f
o‘(I)=oc (;%) = Lo*( )=Lﬁ0 <E)’
i.e. ) f
If i ~ constant, then O'(i> ~ (.
w w
Let’s apply this technique to statistical averages, with w = w(q,...,qN):
ay
e—BU@N)
%) / A™) S dNg = ()
w lw
statlstlcal average
A wise choice is w = N (¢"), hence
VIPRCLARES SUTF RS
N N L Z:1 17 ceey N .

unweighted average!
Now we need to find a strategy to generate points according to the distribution N, since
—BU

(&
N=—

but Z is an integral and we can’t calculate it efficiently.

15



Chapter 3

Markov chains and the Metropolis
algorithm

3.1 Markov chain
Set of stochastic variables
X; € {finite set of possible values}.
1) X; =(q1,...,qn): set of coordinates that on a PC can assume values from a finite set;
2) P(Xip1 =Y | Xt =Y:), Y, = state of the system (e.g. positions of all particles);
3) the chain is ergodic.

Note that:
P(Xt+1 — KL |X1‘ — Yv()) — Hon

transition probability to go from the old state (o) to the new state (n).

Consider M systems which we are simulating in parallel:

t=1 t=2 t
1
L[] L] L]
* update of configuration * °
according to I,
M
(1) 2 t
Pi oL s

Figure 3.1: M copies of the system evolving in parallel; at each step every configuration is

updated according to Il,,.

pgf) is the probability of having state k.
At t =1 we will be generally “out of equilibrium”.

16



But if the Markov chain is ergodic

. li+m pl(-t) =p;: the system “equilibrates” and tends to the equilibrium distribution p;.
—+00

(t . .
In other words, when /)5} ) = p; we can say that the system is equilibrated.
Note that the transition matrix is the same for all systems and we update the system’s state as

discussed in the following.

3.1.1 Update of the system’s state
Consider a system in state ¢. To update its state:

= |ILg--- ILgx --- HiNS < 1-th row,

transition matrix

where 11, is the probability to go from state ¢ to state k, and
Ng = {total number of possible states}.

Note that Z 1L, = 1.
k

Generate a uniform random number £ € [0, 1]:

IT;o IL; IT; v,

Figure 3.2: The interval [0, 1] partitioned into segments of length I1;o, IL;1, ..., II;n,.

if & < Il; then ¢ — 0,
if IT;p < & < o + 111 then ¢ — 1,

We can view “equilibration” from a different perspective. Let’s consider the excess energy due
to particle interactions:
U = {internal energy} = K + Uy,

where K is the kinetic energy and, if V = V(&1,...,Zy) is the potential energy of the system,

ch — <V(fl ce ,ZI?N)>.

Let’s consider again the M systems evolving (running) in parallel:

p . M = {# of systems in state n}.

pﬁf 1 and pgf ) can be related through Ilg,. Indeed:

# systems going to state n

—_—
1) A t (t) t
DA = PO M + > Mp'M Y My pM
# of systems in state n k#n k#n
# systems leaving state n
(note the minus)

17



~¥

teq
(equilibration
“time”)

Figure 3.3: Potential energy along the Markov chain: after the equilibration “time” t.q it fluc-
tuates around Ugy.

(t+1) (t)

But at equilibrium py, "’ = pn’ = pn, hence
W:M"i_znknpk_znnkpna
k#n k#n

thus having

annpk_ ZanﬂnZO,

k#n k#n
Z Mp pre + Iy pr = Z 1Lk pr + Iy pn,

Z g, Pk = Zﬂnk Pn-
k k

But Y, I,k = 1, hence

Z Pk gpn = pp,
k
which can be written in matrix form as follows:
F= 1)
where p'= (p1,...,pk,-..) and IT is a matrix whose elements are (IT),; = IL,.

For an ergodic Markov chain with a finite space of states, if we consider p'II = \p, there exists a unique
p such that A = 1; II is not guaranteed to be diagonalizable, and the other eigenvalues A\, are such
that [\;| < 1 (they can be obtained by Jordan decomposition).

Eq. (1) is called the balance condition and it states that the vector § is an eigenvector of the
matrix IT with eigenvalue 1.

Eq. (1) tells us that the number of systems undergoing a transition to state n is equal to the
number of systems leaving state n.

We can impose a stronger condition. Since
Z My, Pk = Z I Pns
k k

that is

> [ Tan i — T p | = 0,
k

18



which is satisfied if we require
Hkn Pk = an Pns (2)

which is called the “detailed balance condition”.
In this case II is diagonalizable with real eigenvalues.

This condition states that the number of systems going from state k& to state n has to be
equal to the number of systems going from state n to state k.

In the following k& — o, so that Eq. (2) becomes

Po I, = Pn I, (3)

so that we can think that o stands for “old” and n for “new”.

According to this condition we can impose the equilibrium distribution reached by the system by
providing a transition probability which enforces Eq. (3), given a certain probability distribution
Pk-

Let’s find out a way to provide II,, (Monte Carlo Metropolis):

Iy, = a(o —n)  acc(o— n)

a(o — n): update the system’s state (i.e. the particle positions) randomly, and we require

I) a(o — n) = a(n — o), i.e. that it is symmetric (even if it is not necessary, as we shall see
when we discuss biased Monte Carlo);

. Pn
IT) acc(o — n) mm{l7 py }
e BV
Note: if p = — then
Prn _ =B(Va=V0)
Po
where AV is the variation of potential energy after the trial move.

By enforcing I) and II) the detailed balance condition is fulfilled; indeed:

_ e PAV

Case I. Consider a move such that p, < p,, then
Pollon = pn1lne
po alo—m) acc(o — n) = p, a(n—70)acc(n — 0)

Do min(l, %) = pPn min(l, Z—O>

n

Similarly one can proceed by assuming fn > 1.
o

Case II. p, > po:

Po min(l, —Z) = pn min(l, Z—Z)
Po :%}Z:{ = Po = Po-



3.1.2 A neat example: calculation of the average depth of the Nile

Ya

— Nile

—— map

L

Figure 3.4: Map of side L containing the Nile.
Some definitions:

A= L* = {map area},

1 if (x,y) € Nile,
oy = Y

0 otherwise,
d(x,y) = {depth of terrain at (z,y)}

(note that d(x,y) can be # 0 also outside the Nile).

Hence
S = / O(z,y) dx dy = {area of the Nile}
A

and
() :/A d(ﬂi?y)f(:v,y)

We can calculate this integral through a standard quadrature procedure (e.g. the rectangle

dx dy.

)
method) ... or we can use a Metropolis MC: (Z’ v) is a probability distribution, indeed
e
/ O(z.y) drdy =1,
4 S

where S is the analogue of the partition function, and d(x,y) is an observable, so that

/Ad($,y) 6(? y) dx dy

can be viewed as an ensemble average and we can employ a Metropolis MC.

Each trial move consists in randomly updating the position of the current point (i.e. the location
on the map) (z,,¥,) to a new point (z,,y,) and rejecting this trial move if (z,,y,) € Nile and
(n,yn) ¢ Nile. We will end up with a random walk as follows:

[Note that “hit and miss” would be inefficient: it is very unlikely to hit the Nile.]

20



initial point for Metropolis MC

('-1'1-!/1)

<1 Nile

| — after equilibration

(Tteqs Yteq) — equilibrium reached

]V

Figure 3.5: Metropolis random walk on the map: the walker starts at (x1,y;), reaches the Nile
at time toq and afterwards never leaves it.

[ J
° ([
| __— N particles
° o
[ J
® ([ J
[ J [ J

® «— box of volume V

[ J

[ J
[ J

. .

° °
state of the system

Figure 3.6: N particles in a box of volume V; the state of the system is the set of positions
(Z1,...,ZN).

3.2 Metropolis MC for a system of NV particles

I) Trial move a(o — n). Choose randomly a particle and displace it by

A7 = (Azx, Ay, Az) ’1 MC step = N trial moves‘

where
Am:§x57 Ay:§y57 Az:gz(sa

and &, are random variables such that —1 < &, < 1, with « € {z,y, z}.

IT) Acceptance acc(o — n).

e_IBUTL

acc(o — n) = rnin{l, W
e o

} = min{1,e P2V
Hence if AU < 0 = accepted; otherwise draw a random variable &, 0 < £ < 1:

&< e~ BAU accepted,

if
£>ePAU rejected.
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3.2.1 Efficiency

sum over single-particle moves (drp = 0 if rejected)

——

Z(Sr,% A2

= {effici = k=1 = —
n = {efficiency} . -

Ar® quantifies the “total displacement”, i.e. how much the initial configuration changed, and

7 = {computing time for carrying out L trial moves} = t; L.
~—
time needed to move one particle
(i.e. to calculate AU)

I) If§ — 0, Ar? — 0 but 7 =¢; - L does not = 1 — 0.

IT) If ¢ is large (e.g. larger than the particle size): with o large it is very likely to have an
overlap, so that the energy is large and the move is rejected; hence Ar? — 0 but again 7
is finite = n — 0.

n
0 too 0 too
O O small large

O OO
3 8@ Bopt

Figure 3.7: Left: with large 0 a displaced particle (blue) very likely overlaps with the others.
Right: efficiency 1 as a function of §, with a maximum at the optimal value dopy.

Vv
(=%

Let
{# accepted trial moves}

{# trial moves}

R = {acceptance rate of trial moves} =

If
03<R<05 = &~ dopt (empirical rule).
Question: what R do we have if we move N particles at a time?

Consider again M identical systems being simulated in the NVT ensemble (canonical ensemble).
After a trial move of 1 particle (i), with o = z,y, 2

:<;% Z%5T?5riﬂ>:

1

where (...) is over all M systems:

average over trial moves

-—<Z§TU>5T —|—<1Z O°U >5T?5Tf.

ap Orf 6r

average over M runs
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. _— . _— .
L] L] L]

update of
configuration
M |:| according to II,, |:| |:|

oY o o) = o

e BUk

Pk =
equilibrium

Figure 3.8: M identical systems evolving in (MC) time; at equilibrium the distribution of states
over the M systems is p, = e PUx /Z.

We split the average since the average over trial moves (%) is independent of the average over
the M systems ({(x)).

But
org =0 and 57“?57“?:0 if a # B,
and L
Gri)? = (57 = o) = 2.
Moreover

1 0*U \ _
(32 grgrs) =10
hence we are left with L
(AU) = f(U) or2.
A move is likely accepted if (AU) ~ kpT, thus having

572 = 52 = kBT
fU)or?2 =kpT — 5T2_f(U)’

that is, if we move 1 particle at a time, L times:

CLi? 57 kel
n Lt t1 t1f(U)

If we attempt to move N particles at a time

(AU) = f(U) 82 N,

since we have contributions from N particles (not just the i-th particle as before). Hence

— kpT . :
or? = B — average displacement of a single particle after a trial move.
NfU) ' '
Note that in )
2k 07k
n=—-———"
i
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ok (57‘f is now a sum over all particle displacements after L trial moves, i.e.
> éri=L-N-ér2.
k
Hence the efficiency ny of moving simultaneously N particles after L trial moves is

_or?LN kT 1 kpT
WTHIN T NafU) N afO)
N—_——

m

so that

i.e. ny is N times smaller than 7!

3.3 MC on lattice (e.g. Ising model)

Each MC step consists in updating the state of a lattice site.
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Chapter 4

Interaction potentials

Figure 4.1: Simulation box of volume V = L? containing N interacting particles.

1 Lo Lo 1 R . L.
U= 2; U (75, 75) +WZ 2;[]2(7“@'), Tij = T3 — 1.

Note that

U =3 Y Ualiy) = Y Ualy).

i i<j
4.1 Morse potential (diatomic molecule)

Us(r) = Uni(r) = Us + De{ [1 = e~ 70)]? — 1}

interaction between two atoms

belonging to a diatomic molecule
Figure 4.2: Morse potential Ujs(r) and the two atoms of a diatomic molecule at distance r.

dU s
dr

=0 and Unri(ro) = Uso — De.

r=ro
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00 OO
3
88%
OOOO
O o

Figure 4.3: Interaction of pairs of particles belonging to a diatomic molecule: a fluid of diatomic
molecules.

4.2 Polymers

Figure 4.4: A polymer: a chain of particles (monomers); 7 is the distance between two successive
monomers.

1 2
_§r§mxelnl1—<rr )1 7 < Tmax
(): max

Ureng(r

00 T > Tmax
Interactions of two successive particles belonging to a polymer.

FENE = {Finite Extensible Non-linear Elastic}.

UreNE
+0o0

Tmax

Figure 4.5: FENE potential: it diverges at r = rpax.

If r < rmax:

7“2

UreNE ~ € DR

hence € is the elastic constant of small oscillations.

4.3 Lennard-Jones

(Noble gases such as argon, neon, xenon or radon) [monoatomic gases

26



Figure 4.6: Lennard-Jones potential, with minimum —e at r,, = 2!/%¢.

This potential well describes the interaction between uncharged atoms.

4.4 Soft sphere potential

n
g . . .

Uss(r)=c¢ <> [n quantifies the softness of the particles]
T

Uss(r)

r

Figure 4.7: Soft sphere potential (purely repulsive).

4.5 Scaling laws of soft-sphere fluid
F=—kgTlhZ, Z :/ e PUss @3Ny
14
g " -
Uss=¢) () sy =Tl
i<j T'ij
Z:/ eiﬁsziq(%) d3Nr.
14
DT = Vl/gé, so that

Z = /Vexp[— ff:/z (gj)’l} VN @3N¢.

—— <]
1
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Consider

Bea™ am 3 Nn/3 1
el (ORI s
~~
=p
If we define
L= (Be)3ap —1(1.p)
we have

Z=yN /‘e(‘l\")”/g i (&) d*Ne
= Zp - Zpx(T)

where Zip = V¥ and

_ n/3 PR ‘v
ZEX(F): /e (T/N) Zi<g‘<£,:j) d‘mf.

For the internal energy:

3
U = U + Ugx, Up = (K) = §Nk'BT,

g e—BUss -
pUsx= p(Uss) = /3/ Uss d>Vr
38U
"~ e~ PUss .
= [ BUsg —r— V¥ 3Ne.
/ 5 VR Zox (D)
But . .
F mn/e 1
pUss = (> Z — | = f(I) [for fixed N]
N i \&ij
hence

BUpx = F(I).
Simulations with the same I' = I'(T, p) (even if T and p are different) will yield the same value
of BUgx, i.e.
pUEx

o simulations
e ----scaling law

Figure 4.8: fUgx as a function of I': simulations at different (7, p) but equal T" fall on the same
curve.

—3N A—3N

Note that: F = —kgTInQ@, but QQ =
not depend on V.
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Similar scaling for the pressure:

oF 0 (kpT'In2)
P=——-= _ = but Z = Zip -Z
v oV ’ b ZID "AEX:
—VN
0 1 0Zgx
P=—|kgTNInV|+kgT — —=
oy s TN V] +kpT - =50
Pip Pex
P=Pp+ Pex = % + Pgx, Pip = pkpT,
Prx = kpT — = kpT — —.
EX 8BS 7o OV BY Zex o0 oV
But - .
( 3/n 4 : Ny
_— = — jf E%"/” — 3 = *l —
oy~ BT e N’
so that TN 97
Pgx = pkpT < ZE>/( ) aﬁx) [G depends only on T for fixed N]
G()
and )
BPex

- GT) scaling law.
Iz

If one performs simulations changing 7" and p but at fixed I', one has to get the same value of
BPex/p:

B Pex
p

o simulations
——scaling law

r

Figure 4.9: BPgx/p as a function of I': simulations versus scaling law.

4.6 Coulomb interactions

I qgy
U = .-
o(r) dreqeg T

Screened interactions [Debye—Hiickel theory]:
Usc(r) = A —qf] e,

where A is the Debye screening length; A depends on the charges in solution.

29



4.7 Hard spheres and square well

Hard spheres (already discussed).

Square well:
Usw 4

+o0o r<o
Usw = —e¢ oc<r<o+9d
0 r>oc+9

O'J_e 7

)

4.8 Truncation, shift and smoothing of interaction potentials

Interaction potentials may extend to infinite distance (e.g. Lennard-Jones), hence the need of

truncation:
o\ 12 o\ 6
«|(7) - (7)
Uis(r) = [ r r

0 r>r.

where 7. is the cutoff radius (in old literature r. = 2.5 ).

At r = r. we have a discontinuity (bad for MD simulations, as we shall see), hence shift of the
potential, i.e.

Upy(r) =Ury(re) r<re

0 >

Upy(r) = {
Note that for MC simulations the shift is not needed.

Modified LJ

To have also the first derivative continuous:

UM:{ULJ(T)+CLT+b r<r.
LJ
0 > Te

where a and b are such that

Ups(re) +are.+b=0,

UM U5 (r
YLy _ ¢ LJ(r) fa=0,
dr lr=r. dr r=rc
so that -
a=—2L7 , b=—-Urjs(re) —are.
d’f' r=rc

Typically 2.50 <r. <50.

Switch function
Up,(r) =Urs(r)-S(r)

where

S(r)=0.5 {1 + tanh (TU - 7>} : tanh(z) = p;( with 0 < 7.
0 er e %
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Figure 4.10: Switch function S(r). By ¢ one can set the extent of the “switching” interval
(6 < re).

Lennard-Jones potential from first principles

[see slides]

4.8.1 Example: simulation of a polymer melt (Kremer—Grest model)

intermolecular

/ Uiy (re = 2.50)
Polymer #1

(4 monomers)

intramolecular
non-consecutive

CS W =
Ups(re =2.50)

intramolecular
consecutive Polymer #2

US, (re = 2Y/50) + Uppne (4 monomers)

Figure 4.11: Kremer—Grest model of a polymer melt: interactions between monomers.
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Ugs (re = 21/50) UrenE

Te r
Tmax

Figure 4.12: Bonded (consecutive) monomers: the purely repulsive truncated and shifted LJ
plus the FENE potential give an effective potential with a minimum, diverging both at small r
and at r = rpax-
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Chapter 5

Setting up a simulation

5.1 Swurface effects

|G e
oo v

Figure 5.1: N particles in a cubic box of side L.

F= Fsurf + Fbulk

2 1 :
Fsurf =7 \(T// - G’\//L ) Fbulk — \/‘/ ‘N = /*'/PV - H’/)LS'
[areal [constant]
Hence
Fsurf ~ l
Foax L’

i.e. Fyuf is not negligible for simulated systems, since the box size is rather small.

Need to get rid of surface effects to compare with experimental results.
5.1.1 Infinite replicas of the system

1 L
U= B Z Us (Tij) [U: potential energy; Us: pair potential]

i#]
1 . o .
UZQ Z UQ(Ti—(Tj-f-Ln))
i7j7’r_i
i#] if =0
where
= (Mg, Ny, Nz), ne signed integer, « =x,y, 2.

Problem: infinite terms in the calculation of the energy

l

33



Y

R R R R = replicas
Y/ = original

system

Figure 5.2: The original system (hatched) surrounded by its periodic replicas R.

5.1.2 Minimum image convention

When we move a particle ¢ in a MC simulation we need to calculate the variation of U, i.e.
AUZ'ZU{—UZ' ﬂ—)T_‘Z
£

[new state]

where

Ui = > Ua(7] =),
j

Ui =) Us(r — 7).
j

To calculate U; and U/ we employ the minimum image convention.

° ° ° je
[ ]
°
[ ] ° [}
L L4 ° ° °
° L X ° L
[ )
o
[ ] ) [
° © J’ ° °
/ box centred at
) periodic ) position of particle ¢
image of j

Figure 5.3: Minimum image convention: only the particles (or their periodic images) inside the
box of side L centred at particle i are considered; j’ is the periodic image of j.

Energy:
Ui => Us(¥ — 7))
J

[the sum runs over all j within the box of size L centred at the position of particle i|, where we require

L
7"C<§
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so that we are not missing contributions.
Ui = Ua( —75) = Y Ua(%)
J J

If j is not inside the minimum image we need to consider its periodic image, i.e. this amounts
to doing this replacement:

Us () — Uz(ﬁj—L-rint(%)) (+)
T

[element-wise division]

where, if U = (vg, vy, v2),

Vg rint(vy)
rint(¥) = rint | v, | = | rint(v,)
Uy rint(v,)
where
rint(xz) = {integer nearest to x}.
Examples:

rint(0.6) = 1, rint(0.2) = 0, rint(—0.7) = —1.

Let’s show that (x) provides the correct minimum image particle (i.e. the particle j in the
periodic system which is closest to 7).

minimum image

A
v

Figure 5.4: The particle j, its periodic images j' and j”, and the minimum image box centred
at i: the closest image of j to 7 is j'.

Let
’Fl:(xzayl)a 'F}:(J;],y]),
R
7; — 7 — Lrint =7
z (*z°)

But (for the configuration in the figure)

.Ti—l'j

Lrint (Ti — > = Lrint L =L <1> = <L> [element-wise division]
L Yi — Yy 0 0

L

x; —x;— L _ z;— (zj+ L) A
Yi — Y Yi — Y Yi — Yy B

[closest periodic image of j]

hence

Final remark: the adjustment of distances between particles (eq. (*)) must be applied every
time one has to calculate distances for the calculation of the interaction potential.
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5.2 Initial configuration

5.2.1 Cubic lattice

particle not allowed ¢
here due to PBC

each particle has diameter o

W

e particle position

N is the number
of particles

Figure 5.5: Simple cubic lattice: 2D view of the box (left) and unit cell of side a (right); a* is
the minimum value of a.

—

L 3
_NUQ_n<E) vo_nvo
0= L3 L3 oad

where v is the volume of a particle and n is the number of particles per unit cell (n = 1 in this

case). But

T
vy = 603 if the particle is spherical,

hence, considering that a* = o,

¢* = {maximum ¢} = (;0)3 = %

If we want a lower ¢ = ¢’ it is just a matter of expanding the box and scaling the particle
positions by a factor £ such that

H*

~

&

#\ 1/3
L' =¢L, 7= &7, with & = <¢> , ie. ¢ = -

&

5.2.2 Higher ¢: body centred cubic (BCC)

x n Vg
¢ - ((I*)3

where in this case n = 2 and a* is such that

AB— o= V30 i *

so that
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Figure 5.6: Unit cells of the BCC (left) and FCC (right) lattices; the green spheres of diameter
o around the nearest neighbours A and B are in contact for a = a*.

5.2.3 Even higher ¢: face centred cubic (FCC)
« Mo
¢ - (a*)S

where in this case n = 4 and a* is such that

_Bzazﬂa* ie a*=ia
2 ) \/5?
so that
¢ﬁ=4%%/=2céffzou
A
2

5.3 Linked cell lists

In a Metropolis MC a MC step consists of attempting to move N particles. For each particle
acc(o — n) = min{1,e P2V} AU =U] - U;,

where

Ui =Y va(7),
j

which requires N calculations of va [note that even if » > r. we need to calculate |]]. Hence for a
MC step the complexity is
O(N x N) = O(N?).

We want to reduce the number of times we have to calculate vs.
Let’s consider M3 cubic cells such that

L S
i > re. (re: cutoff radius),

i.e. M is the largest integer such that £ = L/M > r,.

To calculate U; and U] we can just consider the particles in the 27 cells (i.e. the cell to which
particle ¢ belongs and the 26 adjacent cells).

If an accepted move takes particle i into a different cell, the linked cells must be updated
accordingly: ¢ is removed from the list of its old cell and inserted in the list of the new one.

With this strategy for each MC step we have to calculate N times vy, with

N=~N2T-r2p=N 27713 p = O(N).
——

this is a constant if we increase
the box size keeping p fixed
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A
W

|- adjacent cells
—
: —— cell of 4
i
¢{=L/M

Figure 5.7: Linked cells (2D sketch): the cell of particle i and its adjacent cells.

5.4 Nearest neighbour lists (NNL)

Consider two particles ¢ and j and observe that:

sphere of
diameter 7, I I 1
(re: cutoff radius) ‘ the two spheres overlap,

hence 7 and j interact

the two spheres do not overlap,
hence 7 and j do not interact

Figure 5.8: Two particles interact if and only if their spheres of diameter . (radius r./2) overlap.

At a certain time ¢y (MC step) we build the NNL of all particles (starting from the first simulation
step).

Consider the building of the NNL of a particle 4; j and j’ are two particles other than i.

NNL(7) = {list of all particles belonging to the NNL of i}

= {all particles which have outer spheres overlapping with that of i}.

Hence in this case:
j € NNL(i), 7' ¢ NNL(i),

Tc

since the spheres of radius % + A overlap (for j) and do not overlap (for j).

For t > tp the inner spheres are placed with their centre at the particle position, while the
outer spheres are kept fixed. As long as each inner sphere remains inside its corresponding outer
sphere we can calculate U; and U/ by considering, Vi, the particles € NNL(7),

since if two inner spheres are inside two non-overlapping outer spheres they cannot overlap
(and the corresponding particles cannot interact).

An inner sphere escapes if
[73(t) = 7ilto) | = A.
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outer sphere

inner sphere
(cutoff sphere)

Figure 5.9: Inner (cutoff) spheres of diameter r. (radius r./2) and outer spheres of radius r./2+A
for particles i, j and j'; the outer spheres of 7 and j overlap.

If this happens all the NNL must be rebuilt.

A is a parameter which must be optimized.

NNNL 4 <— efficiency of NNL

Aop‘t A

Figure 5.10: Efficiency of the NNL as a function of A.
And if 5y, is the efficiency of LL

nNNL _ {# particles in the 27 LL cells} _ pr227 273

n  {# particles in the NNL(7)} mr3p Am
fA
if ALre

~6

[since for each particle we need to test if r < r]
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Chapter 6

Measuring observables

6.1 Radial distribution function

p(7,72) = {probability of finding a particle in 7 and another one in 7%}.

Let

event A = {a particle is in 77 },

event B = {a particle is in 75 }.
Then

P(ANB) = p(f1,72), P(ANB) = P(A|B)-P(B),
~——
ie. P(ANB)
N
P(AB) = ——-—

Note that (homogeneous case): if P(A) = P(B),

P(A|B) = P(}f(;)B) _ P(‘;(Q)B) — P(B|A).

If A and B are independent,

Going back to p:

We define:

But using (*) we have:




i.e.

=t
mi

502) (7 7)) — 5(57 |5
gl )(f1772) = Al
Since the system is homogeneous we can expect g(2) (7, 7%) = ¢*°

and p(71|7) = p(7F).

Ideal gas.

hence

Hard spheres. If ||F] — || < 0 = j(71|7) = 0 and g(® (71, 7) = 0. Moreover the system is
isotropic, therefore
9P (1, 7) = 9P (| 72ll) = ¢P(r) -
——

radial distribution function

g9(r) 4

1F---

Figure 6.1: Radial distribution function of hard spheres at very low densities.

This holds at very low densities. But at high densities? We will see. ..

6.1.1 Two-point density

If
e, TN) =
( 1, ) N) 7 )
N (71, ..., PN)drf -+ - dPy is the probability of finding particles at positions 7,...,7y. Hence

the probability density to find one particle in 7 is:

Z

dry -+ - dFn (note that we are not integrating over dr)

and the (1-particle) density is:

e BUN
- dry - - - dry.
A

M) =N -p(i)=N-
p(r) = N_-p(7) /
total number
of particles

Note that
/ A di = 1
and that
Np(71) diy = {number of particles in di }.

Moreover, if the system is homogeneous,



Similarly the probability density of finding a particle in 7} and 75 is

p(T1,7s) = 7 drs---dry (note that we are not integrating over 71 and 75),
so that
N(N —1) p(r1,7) = {number of pairs in di} and dry}
———
total number

of possible pairs

and we define the two-particle density as follows:

2) (= = ; e PUN o)
p (7‘1,7"2):]\[(]\*71)/?(1‘ T

Ideal gas.
Q)= = e AU . .
P (Tl,TQ)ZN(N—l)/ Z dTg---dT‘N, UNZO,
o diy- - diy — —~———TVN-2 N2
P20, ) = NV —1) [N NIV S T =

since Z = fe;'gyﬁdf’l - -diy = VN. Hence

(2) - =

(= = p (7“1,7"2) ,ﬁz

g\(ry, ) = ——— ="~ =1.
(1 2) P2 7

6.1.2 Alternative ways of calculating 1-point and 2-point densities
N , ;
p(F) = 7/675UN d(Nil)T_‘; [,v‘\ = [i\ (7 7’-_) ..... ﬁ\ )

N \

= ?/e_ﬂUN (7 — 1) dV7 now Uy = Un(71, ..., N)
U [ BUx s oy N : .

=7 Z/e 0(F—7;)d™ 7 the integral does not depend on the particle index

%

N
= (387~ 7).

To see that the integral does not depend on the particle index, take a system of 3 particles, consider 75

and 75 instead of 77, then swap the indices to recover the case above (7). Note that Us(7;;) = Ua (7).

Here su
- N
<...>:/... LV
Similarly
! — — —
PO ) = (D0 —F)6(F 7)), A
0,]
Indeed
—BUn
p(2)(f¥,f’):N(N—1)/€Z dN=2)7 Uy =Un(7, 7 75,..., "N )
—BUNn
= (N— 1)/(5(7:(— _’1)5(7_"—7_"2) € 7 dr df‘gd(me Uy =Un(m,..., N)
BUN
= S [ 87 =) 67 — 7)) S N,
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since the integral does not depend on which pair of indices we are considering (take again a system of 3
particles and use (75, 73) instead of (71,75)). Therefore

PR = (00 )8~ 7))

6.1.3 p@?(7,7) in the homogeneous case

Let’s consider

(% ;j’é(f—@;@» {7 X o7+ 3)
¥
_ <Nip/ S 80— 7+ ) 6 — 75) i
i,
J p ) (P47 )
-7 /<;j’6<<f+ ) =) 8 — 7)) dF
(a function of 7, and we average over .. ... 7x)

—

But the system is homogeneous, therefore p(?) (77 + i, 77) = p(Q)(r), i.e. it is independent of 7':

1 v 1 92" 7 _
= — | )@y ai = — (A = = )@ (F g (@)
v ] PO = e = e = 2

We proved that
) Z 1 o o
s Np< o )>>:N7<Z_ (- Ty)), Ty =TT

6.1.4 Average value of ¢(r) over a volume AV around 7
— 1 N\ 7
)= — 7)) dr
10 = 5 [, o)
where the subscript in AVz is to remind that the volume AV is around 7. 7 is dependent on the
chosen AV (if AVz is a cubic box, g depends on its position 7).

In a MC simulation:
1 L 1 L
= — - — @)
(OF™) = £ Z:: 7 kZ::l K
~—
sum over MC steps

(or every a certain amount of MC steps). Hence consider the following observable:

P . 1
g(rim1, ..., TN) = AV Jav. sz §(7 —7iy) d

i.e. g(7) of one configuration (no average over e U~ /7).



Its average value is

i 1
lg) = <AV AVdeZ‘S = 7Tiy) dr >
BUN .
_/AV/AVA Zér—n] dy -~ dify
1 / (k) 1 L7
- — N5 -y ar = =
ZAV av, Np - (7 =7;7) di' = £ 3 Gk

s
gr. is our observable (as O;) calculated at the k-th MC step:

average over all partlcles

_ 1 1 ’ k)
L s ) g SN
# particles in AV at a distance
7 from particle 7

L | AVE

/
1

Figure 6.2: Small volume AVz at a distance 7 from particle .

Box centred at 7, of volume V, divided into M small boxes of volume AV:

Ya

AV

pa

L
Figure 6.3: Cubic box of side L centred at particle ¢, divided into M small boxes of volume AV'.
Tp, with p =1,..., M, is the centre of the p-th box of volume AV
7 = Ar (k& + (g + m2), k, £, m integers,

thus obtaining
Gr(Tp) =~ gr(7p) if AV is small enough.
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Ar

AV

Figure 6.4: Spherical shell of radius 7, and thickness Ar around particle i.

6.1.5 Isotropic case

Spherical shell of thickness Ar:
AV, = 47r7‘§ Ar.

7 particles inside the p-th shell

S S(F — 7y dF
j

N
3i(ry) —
9k\Tp) = ~ Z
&2 47r1“12, Arp N Jay,
note that this —_———
is a scalar average number of
particles inside AV,

gk(rpi? =k (rp) is the radial distribution function.

small enough

g(r) 4

binning

I

Vv

Figure 6.5: Binning of the r axis in intervals of width Ar; r, is the centre of the p-th bin.

Low concentrations. See Fig. 6.6.

g(r) 4

1F------

Vv

Figure 6.6: Radial distribution function at low concentrations.

High concentration in fluid phase. See Fig. 6.7.
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QQQ o)
Qoo
&
e

Figure 6.7: Dense fluid: the first shell of neighbours of particle i is at distance ~ o (green), the
second one at &~ 20 (red); correspondingly g(r) has peaks at r ~ ¢ and r =~ 20.

6.2 Calculation of energy from g(r)

1 , . e—BUN .
(Un) = Uex = /52 Us(7%5) 7 aNy
1]

—-BUNn
—— dri iy dNIF

—BUn
S ANV g di

:%N(N—l)/Uz(Fm)

_ ;/Uz(f'u) JRGER

1 L Lo g oo
= §/U2(7“12) p(Q)(T'l,TQ) d?‘l dT’Q.

But
p B (71, 7) = p? g(F12) ,
so that
p? L
Uex = 5 /UQ(le)g(le)dﬁ drs.

— = — — —

If we change variables (7, 72) — (72, 7), where 7 = 713 = 7] — 7%,
2
Ues = 2 / Us(7) (7) di di

2
-ve / Us(7) g(7) dF = (Un).

If the system is isotropic

2
Uex = Vp—/Ug(r) g(r) A7r? dr.
2 N

6.3 Tail corrections

In a simulation Ur;(r) — U ;(r), where

ULJ(T) r S Te
0 r> T

Ui, (r) = {
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Hence

1 o0
Uex = (Un) = §V,02/0 g(r) Us(r) Agr? dr

Ucs

ex

o0

1 Te 1
= §V,02 / g(r) Up(r) 4mr? dr + §Vp2 / g(r) Up(r) 4mr? dr .
0

Tec

c . RSN I B cra Frm at PRI 1 / TC( . .
Ug: this is what we have from simulations, i.e. 537, ; U5 (7).

U tail Vp / 47r7’ dr.

If r. is large enough, for r > r. g(r) ~ 1, hence

Uil = pr/ Us(r) 4mcr® dr

so that
Utall pr / 471'7‘ 46[<r)12— (Z)G]dTZVS;TGPZU?)[;(Z>9_ (:{;)3}

We can also do better:

energy from simulation

1 Te
Upe = 5Vp2/ g(r) Ua(r) dmr? dr
0

L/2
+ Vp/ ) Ua(r) drr? dr + Vp/ r) Us(r) 4r? dr
— Uc Utall
where
wil _ Lo, o (L2 2 Lo, o [T 2
Ul ==Vp / g(r) Ua(r)dmredr + =Vp Us(r) 47r* dr.
2 re S~~~ 2 L/2

6.4 Calculation of pressure from g(r)

With H = K 4+ U:

oF olnZz
P=——=kpT —— F=—kgTl
v B oV ) B HQ,
but
A—3N 2mh?2
Q= : — 7, where A = T < it does not depend on V.
N mkgT



-
—

Figure 6.8: Box of side L: from a particle in the centre, all distances r < L/2 are sampled in
every direction, while beyond L/2 (e.g. towards the corners) only part of the spherical shell lies
in the box.

g(r)

1
1
1
1
1
1
1

re L/Q "

Figure 6.9: ¢g(r) from a simulation: between r. and L/2 it is known from the simulation; beyond
L/2 one assumes g(r) ~ 1.

Moreover
Z=Za-Zo  Ba=VV.  Ze= [ PN NG

with scaled coordinates:

7=V/3E.
Then
o) oln VN 01 Zey
P=kpT ——(InZiq +In Zoy) = kT ———— T
kipT 57 (0 Zia +In Zex) = kT —57— + kpT —
0ln Zgy
— kpTp+kgT
St a5y
pid ch
P:Pi(1+PeX;
1 07 kgT 0 , 1 _
Pex:k T ex v BUNdN - ...
BY 7 OV Ze OV (/0 ¢ ¢)
(%)
B oUp e PUN YN NZ oUp e PUN No oUp
=474 | Pe=- [ = ()

oV Zpx VN
)/
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(*) Note that we can bring 9/0V inside the integral since the integration domain does not
depend on V if we use scaled coordinates.

Pex
P (0.
With - 5 L
UN—Q%:W(%), V=0 = 9V — 312 5L
we have

1 0Un 10 I~ .
PEX:<WM,>:<WM(2;U2(Tij))>
1 Ovo 87’1 - 7
RN R RO S

*f ij

Note that for a system with PBC we can restrict the calculation to the “first” box, so that
1 Lo -
= 522 UQ(?"Z‘ — 7T —I—Ln)
i 4,J

where 7 = (ngz, ny, n,) with n, integers. Hence

8UN B 2/81}2 7“] +Li)) 1~ vy O — (75 + Lit))
~ 24~ i, oL !
ij
G +Ln>> RGN
oL B L L
where j runs also over periodic particles.
Therefore
Prx = 1 Z/ ﬁ T (]‘73 force acting between ¢ and j)
6V r
and
Prx
/-
kaT + 7<Z fi] "7',">
[similar expression for the molecular pressure]

We can now write Pgx in terms of g(7). All terms of Zij/ are equal, hence

N(N—-1) fe B~ . o o, 1 T
(GV ) 7 fiz - Fro dify diy dN D7 = W/P@)(Tl,m)ﬁrru dry dra.

Prx =

Change of variables: (71,72) — (7, 73) where 7= 7] — 7a:

—

1 S S S
Pex = — /,0(2)(7‘ + 7o, ) f(F) - Fdr drs.
6V
If the system is homogeneous, p) (7 + 7%, %) = p()(7), hence

PEX—G/P ) f(7) - 7dr.
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But p@)(7) = p?¢(), so that

If the system is isotropic

6.4.1 Tail corrections

Pgpyv from simulations

,02 Te ,02 +o00 ~1
Prx = E/ fr)g(r) Arrd dr + E/ f(r)g(r) Agr? dr
0 Te

= PraiL
for LJ we can calculate this analytically

(e) Note that

we can calculate this from simulations

Pai=2 [ der® dr = LS e
SIM—6/0 f(r)g(r)dmr® dr = 6V<%:fij'7“ij>

The above tail correction applies if we want to compare our results with a system without cutoff,
i.e. we have:
P = Psiv + PraiL

Question: but what is the pressure of a system with truncated interactions?

For example consider a truncated LJ system (Fig. 6.10).

vy (1) 4

Figure 6.10: Lennard-Jones potential truncated at r..

Around r. one has

1 2z>0
vy (r) = 0(re —r)vps(re) where 0(z) = 0 w0

f(r) = —% =wvrj(re)o(r —re) since %9(3:) = ().

Hence we have

1 00 1
Pnp = G ,02 / vry(re) 8(r —re) g(r) A dr = G p2 vry(re) g(re) 47?7"3
re—e

~

p?opy(re) dmrd

| =

— “impulsive” correction to pressure.
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6.5 Static structure factor

One-point density:

= (X8 —7)),

then

Fourier transform /;('/i

/p (") e —ikT g — <Z e~k ”> ((-): ensemble average)
where '

(k)) — Z e—zk T
[
We define .
S(F) = - (o(B) o (F)

-

[S(k) can be measured experimentally through scattering experiments|

But
1

S(E) = N<Z e—iE~(7?i—Fj)> =14 N<Z/e_i];,(f‘i_;j)>

1 I (o ez = >
:1+N/drdf¥e ( )<ZZJ:5(T—TZ-)5(7_"’—T]-)>

1 T (A
=1 [drar O ) )

Assuming the system homogeneous

2
S(k):1+%v/d77e 9@ =14 /d T o ()
| S —

Fourier transform of g(7)
In the isotropic case S(k) = S(k), see Fig. 6.11.

S(k) 4 / correlations at distances 27 /kpy

Figure 6.11: Static structure factor of a liquid in the isotropic case.
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6.6 Mean squared displacement

1 Y 2
2 - _,
Arf(t) = = > _|IFi(t) = 7i(0)]]
N i=1
(Ar? is a function of ¢, the MC step; 7;(0) are the initial positions).
Ar?(t) 4

~_ diffusive regime
Ar? o« t

~Y

Figure 6.12: Mean squared displacement as a function of the number of MC steps.

O O

o o O
L O OOOO

O o O

Figure 6.13: Particles in the simulation box of side L.

If
VAr2 > L

the system can be considered equilibrated, since all particles have moved enough, i.e. have fully
explored the configuration space.

We could also use a less stringent condition, i.e.

VAr2 > o (o: typical particle size).

displacement ~ o

O
OO

Figure 6.14: A particle displaced by about its own size among its neighbours.

The main contribution to spatial correlations comes from the first peak of S(k), which roughly
corresponds to a distance equal to o.
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Chapter 7

The isothermal-isobaric (NPT)
ensemble

7.1 Metropolis Monte Carlo in the NPT ensemble
If p is a generic distribution
p(0) - (0 = n) = p(n) m(n — o),

where

—_——
m(o = n) = a(o — n) acc(o — n),

with

acc(o — n) =
( ) otherwise.

{p(n)/p(O) if p(n) < p(o)
|

Goal: find p for the NPT ensemble.

M —N
Vo—-V ideal gas
/  at pressure P
NV
N<M
@ V<V
©)

Figure 7.1: System @ (N particles in the volume V') inside a much larger ideal gas @ (M —

particles in the volume Vj — V') at pressure P.

Weakly interacting systems:

If the volumes of @ and @ are fixed

dM Ng dgN e PUn le—_
—_—

where
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Let V' = Vi — V; with scaled coordinates
G=V"g foriE@,
G = (V’)1/3§:- forie@,

we have

. (VHM=NyN M—N 3N¢e —BUn
Q‘AMMM—NﬂM/ﬁ €/dfe
S

1
(V/)M—N VN N _sU
:AMMM—AWNL/d§€ )

If the volume is allowed to change
yM=N N
A3M M N)IN!

we ]\\( l\()l() sum over
all possible volumes

For the NVT ensemble

Z = /e*ﬁUN dVgq, p X e*ﬁUN,
hence we have

Vv’
- - —— _
p( V7§1a"'a‘£N ) xe PUN VN(‘/O - V)M N'
—_————
state of the system

Note that to implement a Metropolis MC we need p only up to a constant, since the acceptance

probability depends on p(n)/p(0).

Consider the term

V\M-N
M-N _ {yM-N{(q1 _ _UM-N{{ _
(Vo = V)M N = =N (1 - =) =N (1 P
IfM>>N,ie. M~ N — +oo,

i (- ) e (1) =)

M—N—+o00 M — N T
so that .
P,
.= V()M_Ne -V VOM_N e PPV, BP =p (heat bath).
Hence:

\'\
. . —_——
p(V, &, ... En) ox NIV =BPV o=BUN

The state of the system is given by {V,fl, . ,fN}, hence we need to update both V and
{&,...,&N}, i.e. we need two types of trial moves: a particle move (updating randomly a
particle) and a volume move.
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7.1.1 1) Particle move

Choose randomly a particle and update its position §—;
Now note that if we update the position of particle ¢ as in a NVT MC, i.e.

7 =7 + AF,
this is equivalent to do
VB =VIBg 4+ AF, e & =&+ VTPAF
i.e. we are updating {i as requested. Then accept this trial move as follows:

WMB_BUN(Vyé»yélyng)
NIV —BPY ,—BUN(VEL,...EN)

= min{1, e PAUNY,

acc(o = n) = min{l,

Note that this move is equivalent to that of a NVT MC.

7.1.2 2) Volume move

o n
V-V
o g 1 n1/3 &
T = Vi3 &, o= (V') / &i volume move
L VN8
()

VI =V + 6V, ne(—=1,1) <« random,

and
- -
acc(o —»n) = min{l, PV ’?.1’ — ’ﬁN)}
p(v)§17 CIEIE 76]\7)
=p(n)/p(o)
e—BUN(V')=BPV'+NIn V'’
= mm{l’ o—BUN(V)—BPV+NInV }
If
G=Uny+ PV —kgT NInV,
V(n) / /
AG = PAV + AUy — NkgT ln(m), AV =V'—V, AUy =UxV')=Ux(V).

Acceptance probability NPT
acc(o — n) = min{1, e PACL
Note that:

1) V must be optimized to have an acceptance rate of volume moves around 30%-50% (as

0);

2) the two types of move are selected randomly, where the probability of selecting a volume
move should be equal to 1/N (because each box move involves N particles);

3) MC NPT: the volume performs a random walk (fluctuates), see Fig. 7.2.
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<

/ equilibration

(}

Figure 7.2: NPT MC: after the equilibration the volume fluctuates around its average value V.

2-5 1 1
20 supercritical
_ 15¢
%ﬂ'rc gas > >
~ // [
= i .
1.0 / gas|+ liquid
/ | \
0.5 !
: gas + solid
OO 1 .I 1 1
00 0.2 f 04 06
C plo?

Figure 7.3: Phase diagram of the Lennard-Jones system in the (p,T) plane, with the critical
point (pc,T,) marked. Source: S. Stephan et al., as reproduced in Wikipedia, “Lennard-Jones

potential”.

P4

coexistence

pressure

equation
of state

simulations NPT

PL P

Figure 7.4: Equation of state P(p) for T' < T, obtained from NPT simulations (dots): the two
branches end at pg and pr, which coexist at the pressure P*.

7.2 Lennard-Jones phase diagram

See Fig. 7.3.



For T' < T, (Fig. 7.4):
Probability of a given configuration:

o—BUN o—BPV /N
[ e BUN e=BPV VN gV dN¢”

p(Vagl77gN) =

Probability of the volume V:
e—BUN e—ﬂPV VN
O
[e=BUN e=BPV VN gV dN¢

aNg

_ 1 e*'BPV/e*BUN VN GNE = e8PV Z(T, V)7
ZNPT ZNPT

where

Z(T,V) = / e PUNYNGNE  and  Znpr = / e BUN ¢=BPV N gy gN ¢

7.2.1 Gibbs free energy

_ Znpr
Qxer = TN ,
- _ av av¥
kaTln(QNPT) = *k?BTlIl(/e BUN e BPV VN AgNNél_)
The contribution to the integral will come mostly from V = (V), hence we can write:
. v on AN
—kpT In(Qnpr) = —k:BTln(/e BUN —BPV /N A3N]§V!>
— _ de
= -BPV —BUN 17N
= —ksTin(e? /6 VY )
But N
/eiBUN vy gNg = Qn(T\V),
hence

—kpT In(Qnpr) = PV — kT Qn(T,V) = PV + F(T,V)
= G(T, P)

G(V)=—kgThhp(V)+ K
One phase. See Fig. 7.5.

Two-phase coexistence (phases I and II).

P = P* = {coexistence pressure}.

OF| e or
oV lv=w, ’ oV lv=vy;

*

In general P # P*, hence we cannot be exactly at coexistence, i.e. (Fig. 7.8)
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v Vv % v
Figure 7.5: One phase: p(V) has a single peak at V and G(V) a single minimum.

p(V) 4 G(V)4

Vi Vii 14 % Vii 4

Figure 7.6: Two-phase coexistence: p(V) has two peaks of equal height at 1§ and Vi, and G(V)
two equal minima.

F(V)4

Figure 7.7: Common-tangent construction on F'(V): the tangent touches F' at Vi and Vi1 and
has slope —P*.

p(V) 4 P+ P*
Vi#W
Vo # Vi

if P # P* the positions of the peaks

are not those of coexistence

Vi Vy Vv

Figure 7.8: Off coexistence (P # P*) the two peaks of p(V') have different heights and are not
located at the coexistence volumes.
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7.2.2 Histogram reweighting

e PPV Z(T, V)

Vibi) = < from a simulation at P = P, p*
p(V, Pr) Znor (T, Py) -
_5P2V Z T V
€ )
p(V, Py) = (T.V)
Zner (T, Py)
p(V,Py) PPV Z(BAT Zypr(T, P1)
oV, )~ Y ZUETT Zpn (T, By)
p(V,Py) = p(V, Py) - e PPV "
where p -
b= ZEE;ET:P;; < which is independent of V' (normalization).

p(v7 Pl)"
P > P

Vi Va Vv

Figure 7.9: Volume histogram from a simulation at P, > P*.

By using Eq. (1) we can search for P, such that the two following areas (orange and green
hatched) are equal, i.e. the two phases are equally likely (<« histogram reweighting), see Fig. 7.10.

[)(V, PQ)"

% Vi 1%

Figure 7.10: Volume histogram reweighted to the pressure P» at which the two areas are equal.

N N

T — > 1= 55 -
A=y Moy

If we are not at coexistence we can employ histogram reweighting; anyway we have to be close
enough (P} &~ P*) so that p(Vir, P1) is not negligible (within simulation times).

SHOW histogram_reweighting.nb (Mathematica)

7.3 Changes of the box shape (Parrinello-Rahman)

Allow for changes of the box shape.
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O

x

Figure 7.11: Simulation box with non-orthogonal edges d, 5, c.

STH
I

(awzay:az)

l

o)

h = (by, by, b,) ¢ edges of the simulation box (not orthogonal)

c= (Cmacyvcz)
Q _ (‘/0 — V)M_N e_ﬂUN de‘
- A3M=N) (M — N)! J AN NI
heat bath our system with
non-orthogonal edges
Reduced coordinates:
a; by cg
Ti=ay by cy|&
a, b, c,
—_———
M
Note that if
L 0 0
M=10 L 0
0 0 L
we have the standard NPT ensemble.
PR L Ry [ PRV
~ AB(M=N) (M — N)!'J AN NI '

But:

7.3.1 Box volume

This formula for the volume can be understood from the above figure. The volume of the
parallelepiped is the area of the base times the height. From the geometric definition of the
cross product, we know that its magnitude, ||a x b||, is the area of the parallelogram base,
and that the direction of the vector a x b is perpendicular to the base. The height of the
parallelepiped is the component of ¢ in the direction normal to the base, i.e., in the direction
of a x b. Hence the height is ||c|| | cos ¢|, where ¢ is the angle between ¢ and a x b. (Why
do we need the absolute value? If we swapped the locations of a and b, in the above figure,
then a x b would point downward. The angle ¢ would be larger than 7/2, and cos ¢ would
be negative.)
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lc]| | cos ¢|

X

Figure 7.12: Volume of the parallelepiped spanned by the three vectors a, b, ¢ (redrawn from
Math Insight, “The formula for the volume of a parallelepiped”).

az br ¢y
V=l¢-(@xb)|=det|ay, b, ¢, |=detM,
a, b, c,
—_——
M
so that
p(V.€1,... ) oce” PO e PPV Y
and . .
Vgl &L
acc(o — n) :min{l, o ’El’ ’§N)} = min{1, e PR,
p(V7£17' . ;£N)
with
G=U+PV —kgT NInV.
In general
a; by cg
M=1|[0 b, ¢ <+ by doing #1 and #2 (Fig. 7.13) we can reduce to this matrix.
0 0 ey

Z 4 #2

rotation (b onto zy plane)
around axis @

—

#1
rotation of
l d onto x axis

S
7

Figure 7.13: Reduction of M to upper-triangular form: #1 rotate @ onto the x axis; #2 rotate
around @ to bring b onto the xy plane.

xyz is the lab frame.
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7.3.2 Special cases
1)

YL, 0 0 . . . .
M=1 0 I 0 anisotropic box (i.e. not cubic)
B 0 'Yoy I but isotropic volume moves.
YLz

In this case v changes randomly in a volume move, i.e.

Y =v+Ay,  Ay=Ayn,

where n € [—1,1] is a stochastic variable.

2)
L, 0 0 . . _
M=10 L 0 anisotropic box where the 3 edge sizes
Y can change independently.
0O 0 L.

In a volume move a direction « is selected randomly and
L =Ly + AL, ae€{zr,y,z},
and

AL = ALgyn, ne [—1,1].

random

This type of move can be useful for crystals and liquid crystals (see below).

Example: smectic phase. See Fig. 7.14.

Lx

/L

Figure 7.14: Smectic phase of elongated particles: the layered structure requires L, # L, L..

Ly 7& L.’L‘? Lz
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Chapter 8

Orientational moves

8.1 Uniaxial particles

Uniaxial particles (e.g. cylinders).

S

=L

Figure 8.1: Uniaxial particle (cylinder): position 7 and orientation .

System state:
(F]_,ﬁ]_, e ,FN7ﬁN)

Choose randomly whether doing a translational or a rotational move. The translational move
is like we already discussed.

Rotational trial move (a(o — n)).

—

SN Up + v AU
Uu, Unp = 5=
° U e 4y Adll”

where At is a random unit vector (Marsaglia algorithm).
~v must be optimized as d. Acceptance does not change.
This move is symmetric, i.e.

alo - n)=a(n — o).

alo —n)
1AG] = [|Ad']| = 1.

- Uo + A,Al_/ Uo +
Uy = — — = —
" o+ Ad] T + I
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Points A and B: intersections of
direction ,, with a sphere
of radius ~

B i, +yAd
Un

S
—

Figure 8.2: Forward move a(o — n): the two points A and B, where the direction of ,, intersects
the sphere of radius 7 centred at the tip of u,, both generate the same ,. The green arc is the
unit sphere.

i.,e. Ad and A4’ give the same 1i,.

If you do the same construction from #, you will have that the probability is the same (chance
of generating two orientations on the unit sphere). Indeed:

a(n — o)
|Ad] = [|Ad']| = 1.

Up + YAU Up + YA

’ Hﬁn + ’YAﬁH B Hﬁn + 7’Aﬁ/|| ’

i.e. Au and A4’ give the same ,.

Hence a(o — n) = a(n — o), i.e. the probability is the same, being the chance of generating
two orientations on the unit sphere.

8.2 Non-uniaxial particles
System state:
(7, Q. TN, N, e.g. Qi = (0;,¢;,¢;) Euler angles.

Alternative to Euler angles: rotation matrix R such that

—/ — —
T =R T — Ty).
¢ O=R( § -
body laboratory
reference frame

rame
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Points A and B: intersections of
direction 1, with a sphere
of radius ~

iy + YAl A

'[771, + /‘/AJ/ B
Uo

— |
— |

—
—

Figure 8.3: Reverse move o(n — 0): same construction starting from #,; A and B now lie on
the direction of 4, and both generate .

body 12
reference
frame

v

Figure 8.4: Non-uniaxial particle: laboratory frame and body reference frame centred at Zy.

@l; unit vectors, ||4;]| = 1

z
body
laboratory ' AZp reference
frame (LAB) /i frame (BRF)

centre of mass of particle
T

Figure 8.5: Laboratory frame (LAB) and body reference frame (BRF) of a particle with centre
of mass Ty; P is a point of the particle.

65



8.3 A closer look at the rotation matrix

Tp = (x,y,2) LAB
ip=(a"y,7)  BRF
vectors whose coordinates are expressed in lab frame
—_—
Ip = 2o+ (fp —fo) =Ty + AZp.
AZp =2' 01 + 3y G0 + 2 U3 (2',9y,2": BRF coordinates of P),

i.e. (with @y, dg, Gg intended as column vectors)

! /
ULy U2y U3z x €
— / ~ ~ ~ /
AZp = | uly uzy usy Y= a2 a3) |y
/ —_— /
Uz U2z U3z z column vectors z
If we define
Uly Uly Ulz
R=| u2z uzy u2 < each row is a unit vector,
U3y U3y U3z
then
Uly U2y U3z
‘R = Uly | Uy | U3y transpose of R,
ULz U2z U3z
so that
AZp =R flp.
Note that
‘RR=1, hence ‘R=R7L
Le.
- o t =l
Ip =Zo+ R Zp,
LAB BRF

Given a point in the body reference frame, its coordinates in the lab reference frame can be
obtained through the rotation matrix.

Rotational trial move. If we rotate a particle by an angle A around an axis g = (ug Uy u,)

we have
a matrix defined in the following
!
R = R (I +M(A0)) (1)
identity matrix
where
M(AQ) = —sin(Af) Q + (1 — cos(A)) Q2
with
0 —u, 1wy
Q= Uy 0 — Uy Uz, Uy, Uy: coordinates of the rotation axis in the lab frame.
—Uy Uy 0
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Hence a rotational trial move a(o — n) of particle i is
old (o) new (n)

R; is updated according to Eq. (1), where @g is chosen randomly on the unit sphere and A6 is
random, i.e.

A= Mo & with & € [-1,1],

where Af.x must be optimized in order to have an acceptance ratio for the rotational move
around 30-50%.

Note that this move is symmetric (a(o — n) = a(n — 0)) since to go back we have to choose
the same orientation 4 g and a rotation angle —A#G.

This orientational move is symmetric:

afo = n) =a(n — o).

iR

/%/ I. 4r, AO and
Ad

Lo r_
II: @y = —tip, A0 =—-A0
/ give the same new orientation

A v

A

Figure 8.6: Forward move: the rotations I (dgr, Af) and II (—dg, —A60) give the same new
orientation.

a(o — n) Remember that
R"™ = R°(I + M(A#)) with M(A0) = —sin(A0) Q + (1 — cos(Af)) Q2.
If « — —d and A9 — —A6:

sin(Af) — —sin(Af),
cos(Af) — cos(—Af) = cos(AF),
Q— —-Q,

hence M is identical for rotations I and II.

a(n — o) Hence
ao = n)=a(n — o).

8.4 Random unit vectors

Spherical coordinates for generating a random unit vector lead to wrong results (if 6 and ¢ are
picked from uniform distributions).

dQ = sin 0 d6 do.

See the Marsaglia algorithm for a correct way of generating random unit vectors.
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rotations
AB ur, —Af and
Up = —ug, A0 = A
A give the same old orientation

'y

Figure 8.7: Reverse move: the rotations (ir, —Af) and (—ug, Af) give back the same old
orientation.

X

Figure 8.8: Spherical coordinates: 6 is the polar angle, ¢ the azimuthal angle (redrawn from a
pasted MathWorld figure, “Spherical Coordinates”, where the roles of § and ¢ are exchanged).

top view side view fop view side view

incorrectly distributed points correctly distributed points
To pick a random point on the surface of a unit sphere, it is incorrect to select spherical coordinates # and ¢ from uniform distributions

#e[0,2m) and ¢ € [0, ], since the area element d () = sin ¢ d # d ¢ is a function of ¢, and hence points picked in this way will be
"bunched" near the poles (left figure above).

Figure 8.9: Sphere point picking: points generated with 6 and ¢ uniformly distributed (left)
have a higher probability at the poles; correctly distributed points (right). Source: Wolfram
MathWorld, “Sphere Point Picking” (there ¢ denotes the polar angle).

8.5 Another possibility: quaternions
q_': (QO7Q1an7q3)7 ||(7” =1
represents particle orientation

Indeed each can be mapped to a rotation matrix and vice versa.
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R—q

[cos w/2 cos 9/2 cos(¢/2)

_ sin(¢/2)

am = 0 sin 0/2 0

| sin(v/2) 0
[cos(p/2) cos(0/2 cos(1/2) + sin(¢/2) sin(0/2) sin(vp/2)

_ |sin(¢/2) cos(0/2) cos(v)/2) — cos(¢/2) sin(6/2) sin(1)/2) 6.0.4: Euler angles
cos(¢/2) sin(0/2) cos(v/2) + sin(¢p/2) cos(8/2) sin(v)/2) e '
| cos(¢/2) cos(0/2) sin(vp/2) — sin(¢/2) sin(6/2) cos(v)/2)

Euler angles can be obtained from the rotation matrix.

q7d— R

1-2(3+a3) 2(q1g2 — q0g3)  2(q092 + q143)

R=|2(q192 +qog3) 1—2(¢f +43) 2(q293 — q0q1)

2(q193 — q0a2)  2(qoq1 + q2q3) 1 —2(qf +43)

State of the system:
(Flaal7"'aFN7§N)a Hq_;Hzl
The rotational trial move a(o — n) consists in doing:
do +7AG

n = oo ;
" e + v A

where Aqg'is a random unit vector on the 4D unit sphere (again by using the Marsaglia algorithm),
and

’7:7maX§7a 57 € [_171]7

and Ymax must be optimized to have a 30-50% acceptance rate of orientational moves.
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